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Abstract
Thermoelectricity is the physical principle of converting heat energy directly
into electrical energy. Devices based on this principle so far fall short on ef-
ficiency but future thermoelectric devices based on QDs can have very high
efficiency. But before QDs can be used in actual devices their behavior must
the studied to a further extent. This work theoretically explores how a QD
in a single electron transistor setup can be characterized from thermoelectric
measurements. It is shown how asymmetric tunnel couplings between the QD
and the leads, the temperatures of the leads and an applied magnetic field will
influence the thermocurrent (electrical current generated by a temperature dif-
ference) through the dot.
This work also contains comparisons of a Landauer-Bu¨ttiker and a Master equa-
tion approach to calculate the current through the QD. For the Master equation
approach both infinite lifetime sequential tunneling and a lifetime broadening
utilizing Lorentzian distribution functions to account for the widths of the en-
ergy levels are used. It is found that the broadening is important to include
when calculating the thermopower but it fails at calculating the heat current.
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Part I
Introduction
5
1 Principles of thermoelectricity
A thermoelectric device is a solid state device that converts heat power to elec-
trical power, or vice versa. In contrast to conventional refrigerators, heat pumps
and generators, thermoelectric elements do not consist of any moving parts and
have a very fast response time, making them attractive for power conversion
applications. But except for a few niche applications they so far fall short on
efficiency and production cost that is required to make them commercially com-
petitive [1].
1.1 Physical principles
The setup of a thermoelectric device is fairly simple and its operation is based
on having an object that transports electrons at different energies differently.
As an example we consider two metal leads with a constant density of states
(DOS) separated by an object, e.g. a piece of a bulk material. The metal con-
tacts can be seen as electron reservoirs and the thermal distribution for such
reservoirs is the Fermi-Dirac distribution (see Appendix A.1 for an introduction
to the function). If the contacts have different temperatures the Fermi-Dirac
distribution in the hot lead will be more smeared than that in the cold lead.
First let us consider the case when the material separating the contacts has equal
transport properties for all electron energies and we assume ballistic (lossless)
transport of electrons. Furthermore we consider the closed circuit situation
when no bias voltage is applied so that the Fermi levels of the two leads align.
There will then be a net electron flow from the hot to the cold lead above the
Fermi level and a net flow of electrons form the cold to the hot lead below the
Fermi level, see figure 1. In this case there will be an equal amount of charge
transported from hot to cold as from cold to hot and thus no total charge trans-
port.
E
6
µL µR
Figure 1: Width of green area represent the amount of electrons at the given
energy. Equal transport for all electron energies results in zero electrical current.
The temperature in the right lead is 0 K for simplicity. The same arguments
are valid for finite temperatures.
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If the material separating the leads instead have energy dependent transport
properties according to figure 2 there will be slightly larger electron transport
in the material above the lead Fermi level compared to below the lead Fermi
level, which results in a net electron flow from hot to cold. If the leads are short-
circuited a finite electrical current will flow in the circuit due to the temperature
difference of the leads. This current is referred to as the thermocurrent.
E
6
µL µR
Figure 2: Transport through an object with energy dependent transport proper-
ties. Width of the green area represents electron transport at the given energy.
If the leads are not shortcircuited but instead opencircuited the net electron
flow from hot to cold will give rise to a negative charge accumulation in the
cold lead. If we leave the ballistic transport regime and instead think of this
in terms of diffusive (bulk) transport the presence of accumulated charge also
means that there will exist an electric field. This field will counteract the net
electron flow and at a certain point the drift current from the electric field will
be as large as the diffusion current due to the temperature gradient and the net
electrical current vanishes. The thermovoltage is defined as the voltage across
the object for vanishing current
Vth = VLR
∣∣∣
I=0
. (1)
It is desirable that a thermoelectric device generates a large voltage from a
small temperature difference. This is referred to as having a large thermopower
(or Seebeck coefficient), which is defined as the generated thermovoltage at an
applied temperature difference and is measured in V/K (Volts per Kelvin)
S =
Vth
∆T
. (2)
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1.2 Semiconductors
The thermoelectric performance of the setup in figure 2 will be poor since there
is not much difference in electron transport above and below the Fermi level
resulting in a small thermocurrent. A better result is obtained if only electrons
above or below the Fermi level can be transported. If e.g. only electrons with
energy larger than the Fermi level are allowed for transport the net electron flow
from cold to hot will be suppressed and the thermocurrent enhanced.
Such a situation is found in doped semiconductors. Although the electron
transport in bulk semiconductors is better described by diffusive transport than
ballistic transport as the discussion above, the principle for enhanced thermo-
electric performance is the same. The band gap of semiconductors allows for
transport in almost exclusively the valence band or the conduction band leading
to good thermoelectric properties [2].
1.3 Thermocouple
The most common thermoelectric devices used today are based on semiconduc-
tors where an n-doped rod is connected in series to a p-doped rod via a metal,
but thermally connected in parallel, see figure 3 [1].
NP
+
+
-
-
Figure 3: Thermocouple being used as a generator. The arrows indicate elec-
tron flow and ± the sign of the thermovoltage. The temperature difference is
represented by the color of the semiconductor.
Such a thermoelectric element is called a thermocouple and to get high output
power many thermocouples are connected in series to form a thermoelectric de-
vice. The reason for combining p- and n-doped materials is that their Seebeck
coefficients have opposite signs due to the opposite charges of the charge car-
riers. In the n-doped semiconductor electrons will move from hot to cold and
in the p-doped semiconductor holes will move from hot to cold, which means
that electrons move from cold to hot. This effect results in the thermovoltage
of the thermocouple being the sum of the thermovoltage for the p- and n-doped
semiconductors. When several thermocouples are connected in series the total
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output voltage of the device is the sum of all individual thermovoltages. This is
a convenient way of scaling the voltage and the output power by adding more
elements.
1.4 Efficiency
Even though the energy filtration of the semiconductor devices used today is
improved compared to a metal where the difference in transport above and
below the Fermi level is very small, the efficiency is still not as good as desired.
The efficiency is given by
η =
P
Q
(3)
where P = V · I is the electrical power and Q is the amount of heat entering the
QD from the hot lead. A thermoelectric generator or any heat engine function
by absorbing energy from the heat source and converting some of that energy
to work before delivering the remaining heat energy to the cold heat sink. Thus
for high efficiency a thermoelectric device should transport a lot of charge to
get high electrical power but transport as little heat as possible.
The heat associated with a tunneling event is the difference in energy of the
tunneling electron and the hot Fermi-level (further explained in section 3.3).
Thus to get a high efficiency the transport of electrons with energy far away
from the Fermi level must be suppressed.
1.5 Thermoelectricity in low-dimensional structures
High efficiency can be achieved by replacing the bulk semiconductor between
the leads with a 0D object [3, 4]. As seen in figure 4 the DOS for a pure zero
dimensional object is a set of delta functions.
D
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(a) (b)
(c) (d)
Figure 4: Lineshape of the density of states of an object with 3 (a), 2 (b), 1 (c)
and 0 (d) dimensions.
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Each delta function corresponds to an energy level, which arises due to quantum
confinement. An energy level will sample a specific electron energy for transport
which is the key to high efficiency. In order to reach the Carnot efficiency,
which is the highest possible efficiency for any heat engine, a process must be
reversible. For the 0D object a reversible process is found at energies where the
occupation probabilities in the leads (given by the Fermi-Dirac distributions)
are equal [3]. But under such conditions the current through the object will
vanish and without current it will not generate any power.
Thus to get a finite power and a large efficiency the sampled energy must be
positioned an infinitesimal distance away from the energy where the occupation
probabilities are equal. In other words: the efficiency approaches the Carnot
efficiency (ηC) when the current and the heat current approaches zero.
I → 0 and Q→ 0 ⇒ η → ηC (4)
1.5.1 Quantum dots
A quantum dot (QD) is a zero dimensional object and its DOS is theoretically
described by a set of delta functions. Many of the QD that are used for research
applications are however only effectively zero dimensional objects since they are
connected to the outside environment (e.g. leads, vacuum, dielectric) via some
potential(s).
There are many ways to manufacture QDs. One method is to use heterostruc-
tures in a nanowire [5]. Then the potentials that define the QD are the vacuum
energy for leaving the QD radially and the conduction band offset for leaving
the QD axially, figure 5.
EC 1 2 1 2 1
(a) (b)
Figure 5: QD defined by conduction band offset in a semiconductor heterostruc-
ture. (a) energy diagram where 1 represents small band-gap material and 2 large
band-gap material. (b) schematic of a QD defined by barriers in a nanowire.
Since the potentials surrounding the QD are not infinitely large the DOS in the
QD is not a set of pure delta functions but will instead have a finite width,
much like very narrow Lorentzian distribution functions (see Appendix A.2 for
an introduction to the Lorentzian distribution function). This width is deter-
mined by the life-time of electrons on the dot, i.e. how long electrons stay on
the QD before tunneling out, which is in turn set by the height and the width
of the potential barriers.
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One way of grasping the lifetime broadening is to think about it in terms of
the Heisenberg uncertainty-relation:
h¯
2
≤ ∆E ·∆t. (5)
For longer times spent on the QD the energy will be more and more well defined.
Thinner and/or lower barriers allow faster tunneling rates and less time spent
on the dot, which results in wider energy levels.
A QD will always contain many electrons bound to their respective atoms in the
crystal lattice. The charges of all these electrons are neutralized by charges of
the protons in the nuclei and an empty (no extra electrons) QD will be charge
neutral. When referring to electrons on the QD, what is meant are the extra
electrons on the QD that gives it a finite charge.
1.6 Goals of the work
In this thesis I will explore how the thermoelectric response of QDs can be used
to characterize the dots. One commonly used characterization tool today is a
measurement of the QD conductance (further explained in later sections). Some
properties, e.g. the temperatures of the leads and the asymmetry of the tunnel
couplings, can not be determined easily from the conductance data and when it
is possible to use the conductance it is always good to be able to double check
with another measurement. In order to use QDs in future thermoelectric devices
it is necessary to further study and understand the thermoelectric behavior of
the dots. The goal of this thesis is to explore additional characterization tools
and to increase the understanding of QD thermoelectrics for future studies. An
additional goal of the thesis is to compare different mathematical approaches to
calculate the thermoelectric respsone of a QD and determine when the they are
valid and not valid.
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Model
12
2 Single electron transistor
The quantum system studied in this thesis is a single electron transistor (SET)
that consists of a QD coupled via tunnel junctions to two metal leads, source
and drain, and a capacitively coupled gate electrode.
VL VR
VG
Source (L) Drain (R)QD
Gate
Tunnel junctions
Insulator
CL CR
Cg
Figure 6: Schematic of a single electron transistor including the relevant capac-
itances in the system.
A QD is a very small object and when putting several electrons close together
in a small confinement they will repel eachother (explained by Coulomb’s law).
To overcome this repulsion you have to pay an additional amount of energy for
each electron situated on the QD when adding another electron. In order to
illustrate this let us consider a single energy level positioned at the energy . To
add the first electron to the energy level requires energy  but to add the second
electron requires +EC , see figure 7. The charging energy (EC) is the strength
of the electron-electron interactions on the dot. If it were possible to add a third
electron to the energy level, which it is not due to the Pauli exclusion principle,
it would require energy  + 2EC . The presence of the charging energy makes
the current through a QD cumbersome to calculate.

+ EC
(a)

+ EC
(b)
Figure 7: Illustration of the effect of the charing energy in a single level QD. It
requires energy  to add the first electron (a) to an the energy level and +EC
to add the second electron (b).
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2.1 Mathematical model of the system
For this thesis the single electron transistor system is modeled by an Ander-
son model, which provides the quantum mechanical description of the system.
The energies in the Anderson model are obtained from the constant interaction
model.
2.1.1 Constant interaction model
A simple but still useful model for the total energy of the QD in a SET system
is the so called constant interaction model, which is a capacitive model [6]. It
is assumed that the total energy of the QD can be expressed as the sum of the
single particle energies due to quantum confinement and the electrostatic en-
ergy. The electrostatic energy contains contributions from several interactions;
interaction between the QD and the contacts, electron-electron interaction and
interactions between electrons on the QD and any possible background charge.
The energy of these interactions is modeled as the energy stored on a capacitor.
In the constant interaction model the total energy for N electrons on a semi-
conductor QD is
E(N) =
∑
q
q +
e2N2
2C∑ − eN
(Qbg
C∑ +
∑
j=L,R,g
Cj
C∑Vj
)
, (6)
where q is the energy of the q
th occupied energy level, Cj is the capacitance
between the QD and the contact j, C∑ = CL+CR+Cg, Qbg is the background
charge, Vj is the applied voltage to contact j and e is the elementary charge.
Using the energy from the constant interaction model it is possible to extract
the chemical potentials of the QD, which are defined as the energy required to
add the N th extra electron to the dot
µN,q = E(N)−E(N − 1) = q + e
2
C∑
(
N − 1
2
)
− e
(Qbg
C∑ +
∑
j=s,d,g
Cj
C∑Vj
)
. (7)
For the sake of simplicity a few extra assumptions are made (not a part of the
constant interaction model): the left and right capacitances are assumed to be
equal and any bias voltage is assumed to be split even between the two contacts.
The background charge is set to zero.
CL = CR, VL = −VR = VLR
2
, Qbg = 0.
Under these assumptions equation (7) reduces to
⇒ µN,q = q + (2N − 1) e
2
2C∑ − eαVg, α =
Cg
C∑ .
14
For the purpose of this thesis it is convenient to define the charging energy as
the difference in chemical potential for adding the first and the second electron
to a spin-degenerate energy level:
µN+1,q − µN,q = e
2
C∑ = EC , (8)
as well as shifting the zero-point of energy for the QD such that the chemical
potential can be rewritten as
µN,q = q + (N − 1)EC − eαVg. (9)
An applied bias voltage will not affect the energy of the QD due to CR = CL.
The voltages instead enter the problem as a shift of the left and right band and
any applied bias voltage will shift the bands in the metallic leads by an amount
±eVLR/2. For the rest of this thesis the zero-point in energy is chosen to be the
Fermi levels of the leads in equilibrium and hence the Fermi levels will at any
given time be located at ±eVLR/2.
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2.1.2 Anderson model for a multilevel QD
The Anderson model was developed to model magnetic impurities in materi-
als [7] and has later been adjusted to describe QD systems [8]. In the model
the total Hamiltonian for the system is the sum of the Hamiltonians for the
non-interacting reservoirs, the QD and two Hamiltonians describing the tunnel
couplings between the leads and the dot.
H = HL +HR +HD +HTR +HTL (10)
where HL,R, HD, HT are the individual Hamiltonans for the leads, the dot and
the tunnel couplings respectively.
The states in the reservoirs and the dot are defined by the Fermion creation
(annihilation) operators c†iα(ciα). These operators are combined to describe the
QD system where c†iαciα is the single particle number operator, Vi1,i2c
†
i1
c†i2ci2ci1
is the two particle operator that takes electron-electron interactions into account
and c†kacid (c
†
id
cka) describes tunneling from the QD (lead a) to lead a (the QD)
[9].
Hα =
∑
k
kαc
†
kαckα α = L,R , (11)
HD =
∑
id
idc
†
id
cid +
∑
i1,i2
Vi1,i2c
†
i1
c†i2ci2ci1 , (12)
HTL =
∑
kLid
(tL,kLidc
†
kL
cid + t
∗
L,kLid
c†idckL), (13)
HTR =
∑
kRid
(tR,kRidc
†
kR
cid + t
∗
L,kRid
c†idckR). (14)
In the constant interaction model, equation (6), electron-electron interactions
are described by the term e
2N2
2CΣ
. In the Anderson model this is used to write
the dot hamiltonian as:
HD =
∑
id
idc
†
id
cid +
e2
2C∑
[∑
id
c†idcid
]2
. (15)
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3 Current
For the thermoelectric simulations in this thesis the current needs to be calcu-
lated. This is because the thermocurrent is given by
Ith = ILR
∣∣∣
VLR=0
(16)
and the thermovoltage is acquired by using Newton’s method, which is a root
finding algorithm, to find which voltage gives zero current
Vth = VLR
∣∣∣
ILR=0
. (17)
The main mathematical method used to calculate the current will be a Mas-
ter equation approach. A secondary method based on the Landauer-Bu¨ttiker
formalism will be used for physical arguments. A comparison of the two is in-
cluded since the Master equation approach include electron-eletron interactions
but is only valid for weak couplings between the QD and the leads, whereas
the Landauer-Bu¨ttiker formalism will not include interactions but can handle
arbitrary large couplings.
3.1 Tunnel rates
The Master equation approach requires the electron tunnel rates to be known
and for the purpose of this thesis it is sufficient to only include first order
tunneling processes, i.e. sequential tunneling. A lifetime approximation to the
sequential tunneling will also be included yielding a better approximation but
at the cost of requiring more computer power.
3.1.1 Sequential tunneling
For an electron to be transported from one lead to the other it needs to tun-
nel through the QD. This can happen through two sequential tunneling events
where an electron first tunnels from a lead to the QD and then from the QD to
the other lead. For the calculation of the current through the system the rates
(Γ) at which electrons are tunneling into and out of the dot needs to be known.
A sequential tunneling event is a first order tunneling process and the tunneling
rates are obtained from Fermi’s golden rule with the tunneling Hamiltonian (13)
and (14) as the perturbing potential [9, 10]. Because it is based on perturbation
theory in Γ this approach is valid as long as h¯Γ is the smallest energy in the
problem, i.e. h¯Γ kbT, ∆, EC .
For initial state |α〉 and final state |β〉 the bare tunneling rate (unit s−1 or
Hz) obtained from Fermi’s golden rule is:
Γα→β =
2pi
h¯
|〈β|HT |α〉|2ρ(E) (18)
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where ρ(E) is the density of states of the involved lead. For an electron tunneling
from lead a to the QD the final state can be written as ck′a |α〉|N+1, j〉 if |α〉 is the
intital state of the lead and the QD state is denoted |N electrons, ith excited state〉.
The bare tunneling rate will then be
Γ =
∑
ka,id
2pi
h¯
|〈N + 1, j|〈α|c†k′at
∗
ka,id
c†idcka |α〉|N, i〉|2ρa(EN+1,j − EN,i) (19)
⇒ ΓN→N+1i→j;a =
2pi
h¯
ρa(EN+1,j − EN,i)|tk′a,jd |2. (20)
The bare tunneling rates do not include the occupations of the states in the
leads, which will influence the current since the electrons can only tunnel from
full to empty states. To get the actual rates at which the electrons tunnel on and
off the dot in the SET system, i.e. the total transition rates, the occupations in
the leads as well as a spin factor needs to be taken into account [10].
WN→N+1i→j;a = Γ
N→N+1
i→j;a f(µ(N+1,j), eVa, Ta) s
Ni→N+1,j , (21)
WN→N−1i→j;a = Γ
N→N−1
i→j;a
(
1− f(µ(N,i), eVa, Ta)
)
sNi→N−1,j , (22)
where f(µ, Va, Ta) is the Fermi-Dirac distribution in lead a. s
α→β is the spin
factor that takes into account that there are two possibilities (spin up and down)
for electrons to tunnel to an empty or from a full spin-degenerate energy level
but only one possibility if the level is partially filled. For ni number of electrons
on the QD level before the tunneling event [11]:
sN→N+1 = 2− ni,
sN→N−1 = ni.
ΓN→N+1j→i;a is a measurable quantity and will be seen as an input parameter
for the calculations in later sections. If one whishes to calculate ΓN→N+1j→i;a the
only part that is unknown is |tk′a,jd |, which can be obtained from the overlap of
the wave-functions in the dot and lead a.
3.1.2 Sequential tunneling with lifetime approximation
In first order perturbation theory the energy levels in the QD will be infinitely
narrow. This is equivalent to assuming that the electrons on the QD have an
infinitely large lifetime. Even though it is a good approximation when calculat-
ing the current for small Γs a better approximation is found if a finite width of
the energy level is included.
One possible way of improving the model is to include higher order tunnel-
ing processes which are obtained from higher order perturbation theory in Γ.
Higher order processes will include fluctuations between the leads and the QD,
co-tunneling processes and other processes. This gives the energy levels a finite
19
width. It is however very cumbersome to include higher order processes [12, 10].
Here another, simpler, approach is chosen. The authors of ref [13] have used
renormalization group theory to show that at moderate Γ, most effects of higher
order tunneling processes can be covered quite well by approximating the width
of the energy levels by a Lorentzian distribution function. To use this approxi-
mation the total tunneling rates (WN→ni→j;a) are modified
WN→N+1i→j;a =
ΓN→N+1i→j;a
pi
∫ ∞
−∞
dω f [ω, eVa, Ta]
ΓN→N+1i,Σ
(ω − µN+1,j)2 + (ΓN→N+1i,Σ )2
sNi→N+1,j
(23)
WN→N−1i→j;a =
ΓN→N−1i→j;a
pi
∫ ∞
−∞
dω
(
1−f [ω, eVa, Ta]
) ΓN→N−1i,Σ
(ω − µN,i)2 + (ΓN→N−1i,Σ )2
sNi→N−1,j
(24)
where ΓN→N±1i,Σ =
∑
j,a
ΓN→N±1i→j,a .
The new term in the integral is a Lorentzian distribution function and for
ΓL,R → 0 we retrieve the usual infinite lifetime rates since
lim
ΓΣ→0
1
pi
∫ ∞
−∞
dω
ΓΣ
(ω − E)2 + Γ2Σ
=
∫ ∞
−∞
dω δ(ω − E).
3.2 Master equations
The presence of the charging energy makes it a somewhat cumbersome task to
describe transport through quantum systems since the many particle states can
not be factorized into single particle sates. Master equations, or Rate equations,
expresses the time evolution of the occupation probabilities for the different
many body states in the QD using the rates at which the electrons tunnel on
and off the dot.
3.2.1 Formulation
The time evolution of the many-particle occupation probabilities is given by
dPα
dt
=
∑
β
(Wβ→αPβ −Wα→βPα) (25)
where Wα→β is the total transition rate from state |α〉 to state |β〉 which include
both tunneling events through the left and right barrier [11, 10]. Alternatively,
since it is only allowed to change the electron number (N) on the dot with ± 1
for sequential tunneling only transitions between state |N, i〉 and states |N±1, j〉
are possible. Here j indicates the jth excited state with N ± 1 electrons and is
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nessecary to include when the QD has more than one energy level. Using this
notation equation (25) can be expressed as
dPNi
dt
=
∑
n=N±1
∑
j
Wn→Nj→i Pnj −
∑
n=N±1
∑
j
WN→ni→j PNi (26)
where PNi is the probability that the i
th state with N electrons is occupied.
This can be written in matrix form
dP
dt
= WP (27)
where the matrix elements are given by [11]
Wnj,Ni = W
N→n
i→j , WNi,Ni = −
∑
Ni 6=nj
Wnj,Ni. (28)
Before the equations system can be solved probability normalization must be
included. This means that the sum of all occupation probabilities must equal
one. Since the rank of W is dim(W)-1 this can be done by setting all elements
on an arbitrary row m in W to 1. For the steady state solution the right hand
side of equation (27) is set to equal a column vector with zeros on all rows except
row m where the element is 1 due to the normalization. The resulting linear
equation system is then solved for the probabilities.
The current through the system can be obtained by ”counting” the electrons
that tunnel through one of the barriers, e.g. the left barrier, and multiplying
with the electron charge.
I = −e
∑
N,i,j
PNi[W
N→N+1
i→j;L −WN→N−1i→j;L ]. (29)
3.2.2 Single spin-degenerate energy level
For a single spin-degenerate energy level there are three possible many body
states if spin is not explicitly taken into account; zero, one or two electrons on
the QD. The relevant chemical potentials are the energies required to add the
first and the second electron to the QD and they are given by equation (9)
µ1 = − eαVg, (30)
µ2 = + EC − eαVg. (31)
The sequential tunneling transitions rates are given by equations (21) and (22),
which for a constant DOS in the leads give
W 0→1a = Γa f(µ1, eVa, Ta) · 2 (32)
W 1→2a = Γa f(µ2, eVa, Ta) (33)
W 2→1a = Γa
[
1− f(µ2, eVa, Ta)
]
· 2 (34)
W 1→0a = Γa
[
1− f(µ1, eVa, Ta)
]
. (35)
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The equation system for the occupation probabilities written in matrix form is−W 0→1 W 1→0 0W 0→1 −W 1→0 −W 1→2 W 2→1
1 1 1
P0P1
P2
 =
00
1
 (36)
where WN→N
′
= WN→N
′
L + W
N→N ′
R . When the stationary probabilities have
been obtained by solving (36) the current through the system is
IL = −e[W 2→1L P2 +W 1→0L P1 −W 0→1L P0 −W 1→2L P1]. (37)
The procedure for calculating the current through a multi level QD follows the
exact same steps but is not explicitly shown here.
3.3 Heat current
Not only the electrical current is of interest for thermoelectric devices. A device
can have a high electrical current and thus a high power output but still a
low efficiency if heat transport is not somehow suppressed. The reason for
choosing QDs for thermoelectric devices was the precise energy filtering limiting
heat transport. To determine the efficiency of a thermoelectric device the heat
current needs to be known. The heat current carried by electrons is a quantity
that can be very hard to measure experimentally and must in many cases be
calculated. In the Anderson model the heat current into/from the hot lead can
be mathematically expressed as
Qh = − d
dt
〈Hh − µhNh〉, Nh = c†k,hck,h. (38)
For the efficiency calculations we are interested in how much of the heat power
entering the QD from the hot lead is converted to electrical power, that is
why equation (38) only includes the hot lead. Equation (38) can be physically
motivated by a few simple arguments. The time derivative is taken because
heat current is defined in energy per second [W] and the fact that Hα − µαNα
and not only Hα is used can be understood by considering the position of the
energy level relative to the lead Fermi level. Electrons that enter a lead with
the energy E, which is above the Fermi level will on average relax to the Fermi
level and release E − EF as heat. If the electron energy is less than EF then
E − EF will be negative, which means that the electron will absorb heat and
thus cools the lead. To calculate the heat current with Master equations the
elementary charge in the expression for the electrical current
I = −e
∑
N,i,j
PNi[W
N→N+1
i→j;L −WN→N−1i→j;L ]
is replaced with the energy difference of the tunneling electron and the hot Fermi
level
Q =
∑
N,i,j
PNi[W
N→N+1
i→j;h (µN+1,j − µh)−WN→N−1i→j;h (µNi − µh)] (39)
where the index h indicates that it is the heat current though the hot lead.
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3.4 Laundauer-Bu¨ttiker formalism
The secondary method used for calculating the current through the SET system
is based on the Landauer-Bu¨ttiker formalism. It can only take electron-electron
interactions and thus the charging energy into account by using a mean-field
approach and it can not be used to model Coulomb blockade properly. For that
reason this method is only used to model a non-interacting system in this the-
sis. The Landauer-Bu¨ttiker approach however allows for arbitrary large tunnel
couplings (Γ) between the QD and the leads. Another way of viewing this is
that it allows for arbitrary large life-time broadenings of the energy levels in the
QD.
Aeikx
Be−ikx
Ceikx
De−ikx
Figure 8: Electron waves at a scattering object
Landauer-Bu¨ttiker formalism uses the wave-functions of free particles to calcu-
late the reflection and transmission at a scattering object. The electron waves
(traveling in both directions) at the left and right hand side of the scatterer
(figure 8) are coupled via a transmission matrix [14](
C
D
)
=
(
T11 T12
T21 T22
)(
A
B
)
. (40)
If it is assumed that the electron waves are initially located on the left hand
side traveling in positive x-direction equation (40) becomes(
t
0
)
=
(
T11 T12
T21 T22
)(
1
r
)
. (41)
The transmission of incoming waves can due to current conservation and time
invariance arguments be expressed as t = (T22)
−1 and the flux transmission is
T = k2m1k1m2 |t|2 where k1(k2) and m1(m2) is respectively the k-vector and effective
mass before (after) the scatterer.
The transmission as a function of energy, T (E), is called the transmission func-
tion. If the transmission function is known the current through a scatterer with
one dimensional leads and assuming spin degeneracy is given by
I = −2e
h
∫ ∞
−µL
[
f(E,µL, TL)− f(E,µR, TR)
]
T (E)dE (42)
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where f(E,µ, T ) is the Fermi-Dirac distribution and µL and µR is the Fermi
level in the left and right leads.
For a single energy level in a QD the transmission function can be approxi-
mated by a Lorentzian function [15]. For equal tunnel couplings to the left and
right lead the transmission function reads
T (E) =
( Γ2
(E − )2 + Γ2
)
(43)
where  is the energy of the QD energy level and 2Γ is the full width at half
maximum, FWHM, of the transmission function. Γ in equation (43) is related
to the tunnel couplings obtained from Fermi’s golden rule as Γ = h¯(ΓL + ΓR).
3.5 Linear response and Mott relation
In the linear response regime, i.e. small VLR and small ∆T , the current through
the system contains both a component proportional to the temperature differ-
ence and a component proportional to the applied voltage.
I = GV +GT∆T. (44)
G (A/V) is the electrical conductance and GT (A/K) is the thermal conduc-
tance.
The Mott relation or Mott approximation is an analytical expression that conve-
niently relates the linear thermopower (small Vsd and ∆T ) of a non-interacting
system to the transmission function [16]. The equation reads
S(E, T ) = −pi
2k2bT
3e
1
T (E, T )
∂T (E, T )
∂E
(45)
where T (E) is the transmission function. In order to use the Mott relation
together with rate equations the transmission function can be approximated
with the electrical conductance and E with αVg:
S(αVg, T ) = −pi
2k2bT
3e
1
G(αVg, T )
∂G(αVg, T )
∂(αVg)
. (46)
In a system where the Mott relation holds there is little to no additional in-
formation to gain by measuring the thermoelectric response if one already has
obtained a conductance measurement. That is of course assuming that the
conductance is large enough so that a good conductance measurement can be
obtained. It is thus motivated to compare the thermoelectric response calcu-
lated with the Mott relation to that obtained from the Master equations or
Landauer-Bu¨ttiker formula.
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4 Stability diagram
4.1 Single spin degenerate level
There can only be a finite current through the QD system for VLR 6= 0 and
only if an energy level is positioned within, or a distance ∼ kbT from the bias
window (difference in lead Fermi levels), see figure 9.
If we consider a single energy level QD (with chemical potentials µ1 and µ2)
with a small applied bias voltage the electron transport, and thus current, exists
due to transitions between zero and one electron on the QD if the dot is gated
so that µ1 lies in the bias window. If the dot is instead gated so that µ2 is
positioned within the bias window transitions between one and two electrons
are possible. Under these conditions it is only possible to transport one electron
at the time through the QD, hence the name single electron transistor. As long
as only one of the chemical potentials is in the bias window the current will
be constant and the only way for it to increase is if the bias window covers
both chemical potentials. The minimum source-drain voltage for which this is
possible is VLR = EC/e.
The differential conductance dILR/dVLR is a commonly measured quantity. A
common way of representing the conductance data is a stability diagram; dif-
ferential conductance as a function of both bias voltage and gate voltage. Since
the current through the QD only increases when an additional chemical poten-
tial enters the bias window and only decreases when it leaves, the conductance
lines in the stability diagram will take the form of diamonds, figure 10. These
diamonds are referred to as Coulomb diamonds because they are an effect of
the Coulomb blockade.
At the crossings of the Coulomb diamonds at VLR = 0 a chemical potential is
aligned with the Fermi levels in the leads. Here the number of electrons on the
QD will fluctuate between N and N + 1 with PN = PN+1 = 1/2 and these
crossings are commonly referred to as resonances.
µ2
µ1
EF
(a)
µ2
µ1+ eV2 − eV2
(b)
Figure 9: Single electron transistor under bias conditions where it is (a) non-
conducting, and (b) conducting.
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Vg [V]
VLR [V] [S]

+ Ec
(b)

+ Ec
(c)

+ Ec
(d)
Figure 10: (a) dILR/dVLR calculated using Master equations as a function of
gate and bias voltage. Colored circles are special points of interest. The energy
diagrams for these points are shown in: (b) - red circle, (c) - green circle and
(d)- blue circle. (b) resonance of zero and one electrons on the QD. An increase
in VLR will result in a large increase in ILR and hence it is a point of high
conductance. (c) the applied bias voltage results in both µN+1 and µN being
in the bias window. It is possible to extract EC from eVLR = EC at this point.
(d) resonance between one and two electrons on the QD. EC =6 meV, 1=0,
T=1 K, α =1, Γ =1 GHz (h¯Γ ∼ 0.008kbT )
4.2 Multilevel QD
The current through a multi level QD will be constant as long as only one
chemical potential is in or close to the bias window.
In contrast to the single level QD all chemical potentials are not associated
with adding an extra electron. In a three level QD there are for example three
chemical potentials for adding the first electron (one for each energy level).
If µ1,1 is in the window and µ1,2 enters it is still only possible to have zero or
one electrons on the QD if EC > ∆, but there are now more possibilities for
electrons to tunnel from a lead to the empty QD. This increase in tunneling
possibilities translates to an increase in current.
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The increase in current gives rise to a new conductance line in the stability
diagram for every chemical potential entering the bias window, even if it is not
associated with an increased number of electrons on the QD.
The new lines can be seen outside the Coulomb diamonds and they can be used
to measure the separation of energy levels in the QD, i.e. QD spectroscopy. A
stability diagram for a three level QD is shown in figure 11
V g [V]
V
L
R
[V
]
Figure 11: log(∂ILR/∂VLR) calculated using Master equations as a function of
VLR and Vg i.e stability diagram. EC =6 meV, 1=0, 2=5 meV, 3=10 meV,
T=1 K, α =1, Γ =1 GHz (h¯Γ ∼ 0.008kbT ).
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5 Thermoelectric response of a QD
5.1 Single level QD
The calculated thermoelectric response of a QD can differ quite a lot when using
the Master equation approach and the Landauer-Bu¨ttiker approach as will be
seen in this section.
5.1.1 Landauer-Bu¨ttiker formalism
For the Laundauer-Bu¨ttiker model, i.e. assuming non-interacting electrons and
including a finite width of the QD energy level, the results are shown in figure
12 where Ith is obtained using equation (42) for VLR = 0 and Vth is obtained
using the same equation together with Newton’s method. The absolute values
of the thermocurrent and thermopower depend on the temperatures and on the
width of the energy level, which is not of importance when comparing the math-
ematical methods.
0I t
h
Vg
(a)
0V
th
Vg
(b)
Figure 12: Thermocurrent (a) and thermovoltage (b) calculated using the
Landauer-Bu¨ttiker formalism. The resonance position is set by the peak po-
sition of the Lorentzian transmission function
Both the thermovoltage and the thermocurrent vanish for large gate voltages
and are antisymmetric with respect to the zero-crossing. This is understood by
considering the relative position of the QD energy level and the Fermi levels in
the leads. In the model the gate voltage only changes the potential on the dot
and thus changes the position of the energy level.
If the device is shortcircuited and the energy level is positioned slightly above
the lead Fermi levels electrons will flow from hot to cold, which gives a negative
current and the opposite way around when the energy level lies below the lead
Fermi levels. When the energy level is aligned with the lead Fermi levels (at
resonance) an equal amount of electrons will flow from hot to cold as from cold
to hot and the current will be zero. Since the Lorentzian transmission function
is symmetric with respect to the peak position the peaks in figure 12 will be
symmetric (excluding the sign change) with respect to the zero crossing.
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5.1.2 Master equations
If instead the thermoelectric response is calculated using Master equations Ith
is obtained from equation (29) with VLR = 0 and Vth is obtained from the same
equation together with Newton’s method. The results are seen in figure 13 and
compared to figure 12 the lineshape differ substantially.
0I t
h
Vg
0 1 2
(a)
0V
th
Vg
(b)
Figure 13: Thermocurrent (a) and thermovoltage (b) calculated using Master
equations. Numbers in (a) represent the number of electrons on the QD.
Instead of one resonance there are now two due to the charging energy; one for
transitions between zero and one electrons and one for transitions between one
and two electrons. The electron-electron interaction also gives rise to the asym-
metry in the apmlitudes of the thermocurrent peaks. This is understood by
considering the situation when the energy level is higher in energy than the lead
Fermi levels. Then there are most likely zero electrons on the QD and there are
two possibilities for electrons in the lead to tunnel into the dot; either with spin
up or spin down. When the energy level instead is positioned slightly below the
lead Fermi levels there is most likely one electron on the QD. Since this electron
has a given spin there is only one possibility for it to leave. This effect results
in a higher current when there are zero electrons on the QD compared to one
electron on the QD (the number of electrons is indicated in figure 13 (a)). The
same argument is valid for the second resonance but then the current will be
higher when there are two electrons on the QD because either an electron with
spin up or spin down can leave the dot.
One artifact of the Master equation approach for sequential tunneling is that
the thermopower does not vanish for gate voltages far away from the resonances
but instead continues to increase linearly. This is because no broadening of the
energy level is included in the calculations. In reality the thermopower does of
course not increase to infinity but vanishes for large gate voltages.
As seen in this section both methods encapsulate different physics, which gives
rise to different features in the calculated thermoelectric responses. A measure-
ment of a real QD can show the asymmetry in the thermocurrent as well as the
vanishing thermopower for large gate voltages.
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5.1.3 Mott thermocurrent
In section 3.5 is was explained that the thermoelectric response might be ob-
tained from a conductance measurement via the Mott relation. Here the validity
of this relation is checked by using it to calculate the thermocurrent. To obtain
the thermocurrent from the Mott relation (46) it is combined with the current
in the linear response regime (44) which gives
S ∝ GT
G
=
1
G
Ith
∆T
, S ∝ 1
G
∂G(Vg, T )
∂Vg
⇒Ith ∝ ∂G(Vg, T )
∂Vg
.
∂G/∂Vg is calculated using the Master equations and the resulting thermocur-
rent is seen in figure 14. By comparing to the thermocurrent in figure 13 it can
be seen that the asymmetry of the peaks heights is lost. Since the Mott relations
predicts a different thermocurrent compared to the Master equations it is not
sufficient to only measure the conductance to get thermoelectric information
about a QD where electron-electron interactions are present.
Vg
I t
h 0
Figure 14: Thermocurrent calculated using the current in the linear response
regime and the Mott formula. ∂G/∂Vg is obtained from Master equations.
5.1.4 Lifetime approximation
When including the lifetime broadening of the energy level the result should
be more physically correct. As can be seen in figure 15 including the level
broadening do not alter the appearance of the thermocurrent much. The ther-
movoltage however takes a much more desired form where it vanishes for small
and large gate voltages, as it did when using the Landauer-Bu¨ttiker approach.
The method for calculating the current now includes both electron-electron in-
teractions as well as a lifetime of the electrons on the QD. The limiting factors
are now that the Master equation approach is based on perturbation theory in
Γ and is hence only valid when h¯Γ is the smallest energy in the problem and
also the fact the lifetime approximation is only an approximation.
31
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04
×10-10
-2.5
-2
-1.5
-1
-0.5
0
0.5
1
1.5
2
2.5
I t
h
[A
]
Vg [V]
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06
×10-4
-6
-4
-2
0
2
4
6
V
th
[V
]
Vg [V]
Figure 15: Thermocurrent (a) and thermovoltage (b) calculated pure rate equa-
tions (blue) and the lifetime approximation (red). EC= 3 meV, = -3 meV,
α = 0.05, TR =1 K, TL =2 K, Γ =10 GHz (h¯Γ ∼ 0.05kbT based on the average
temperature).
To see how good this approximation is the thermovoltage obtained from Landauer-
Bu¨ttiker formalism can be compared to that obtained from rate equations in-
cluding the lifetime approximation. If this is done for the simplest case with
one spinless energy level the Landauer-Bu¨ttiker formula gives the exact answer
and rate equations gives an approximation due to their perturbative nature.
The results are shown in figure 16 where it can be seen that the two methods
agree quite well for small Γs. But for large Γs the absolute values obtained by
the Landauer-Bu¨ttiker approach are significantly larger compared to the values
obtained from the lifetime approximation. The overall lineshape is however very
similar leading to the conclusion that the lifetime approximation is a good ap-
proximation only for small Γs (h¯Γ kbT ) but can be used together with large
Γs to study the physics when including a finite width of the energy level if the
absolute values are not of importance.
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Figure 16: Thermovoltage for a spinless energy level calculated using Landauer-
Bu¨ttiker formalism (blue) and master equations with the lifetime approximation
(red). = 0 , TR =1 K, TL =2 K, α =1. In (a) Γ =100 kHz (h¯Γ ∼ 10−7kbT )
and in (b) Γ =10 GHz (h¯Γ ∼ 0.05kbT ).
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5.2 Multilevel QD
The Master equation approach described in section 3.2 is valid for any number
of states and it is thus possible to simulate QDs with more than one energy
level. The thermoelectric response will mostly look like the single level result
but with more resonances and possibly some other features.
eVg [kbT ]
eVg [kbT ]
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Figure 17: Conductance and thermoelectric response of a three level QD. Pa-
rameters that where used Ec =30 kbT, 1=0, 2=2 kbT, 3=5 kbT, α = 1.
Energy diagram for the voltages at † and †† is shown in figure 18.
Figure 17 shows the conductance and thermoelectric response of a three level
QD. A new feature in the thermocurrent is that the amplitude of the positive
peaks increase and the amplitude of the negative peaks decrease with increas-
ing gate voltage. This is an effect which arises when ∆ is comparable to kbT .
Electron transport can then involve more than one energy level and the peak
heights are set by the total tunneling rate into or out from the available energy
levels. In figure 18 the energy diagram showing this phenomena for the first
resonance is shown.
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Figure 18: Energy diagram explaining the asymmetry in thermocurrent for a
multilevel QD. (a) the QD has a large probability to be empty and the limiting
process is tunneling into the dot from the lead. There are six possibilities (3
energy levels multiplied by 2 spins) for such event to happen. (b) the QD has
a large probability to be occupied with one electron with a given spin. The
limiting process is tunneling out of the QD with that electron. There is only
one possibility for such process.
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6 QD characterization
In this section it is exemplified how asymmetric tunnel couplings, 1D DOS and
a magnetic field will influence the thermoelectric properties and the conduc-
tance of a SET system. This information can be used to characterize a QD by
analyzing experimental data.
6.1 Asymmetric Γ and thermocurrent wiggles
If there is a difference in the height or width of the potential barriers that define
the QD it will couple differently to the left and right lead, i.e. ΓL 6= ΓR. The
master equation approach for calculating the current includes the freedom to
set ΓL and ΓR independent of one another to study what happens with asym-
metric tunnel couplings. In the linear thermocurrent and thermovoltage (small
VLR,∆T ) the result will be the same if the current is calculated using cΓL = ΓR
as when cΓR = ΓL where c is an arbitrary constant. If however ∆T is increased
small wiggles in the thermocurrent and thermopower will emerge which have
been observed both theoretically [17, 18] and experimentally [19]. In this non-
linear regime the lineshape of the thermocurrent will depend on which tunnel
coupling is the largest.
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Figure 19: Thermocurrent wiggles. (a) ΓL = 10ΓR. (b) ΓL = ΓR. (c) 10ΓL =
ΓR. In all cases TL > TR, ∆T/TAverage=1.5 and α = 1.
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Figure 19 shows the thermocurrent for symmetric and asymmetric tunnel cou-
plings. It is clear that the wiggles are enhanced if the QD couples stronger to
the hot lead and suppressed if the QD couples stronger to the cold lead. For
smaller asymmetry or smaller ∆T the effect will not be as clearly visible.
If the thermocurrent is measured in an experimental setup that can heat both
leads individually it will be possible to tell if an asymmetry in tunnel couplings
exist by taking data with first the left and then the right lead as the hot lead.
If the wiggles are more pronounced when heating one of the sides the QD has
asymmetric tunnel couplings. For this to work the measurement must be per-
formed at the same temperatures which can be problematic since it is a challenge
to determine the temperatures in the system.
6.2 1D density of states
In all simulations so far it is assumed that the lead density of state is constant.
For a nanowire QD it is however reasonable to assume that the 1D DOS, which
is not constant, of the nanowire leads will influence the tunnel couplings. If
that is the case ΓL,R will have an energy dependence according to equation
(20). This will change the transport properties of the system and is something
that might be seen in experimental data.
In section 4 it was argued that for a constant DOS there can only be an in-
crease in current when a chemical potential of the QD enters the bias window.
In the case of a non-constant DOS this is no longer valid, which can be under-
stood by studying the energy diagram in figure 20.
Figure 20: Energy diagram including 1D density of states.
The energy level is aligned with a peak in the DOS of the right lead. A small
increase or decrease in bias voltage will move the Fermi-Dirac distribution and
the DOS up or down in energy. In both cases a smaller DOS will be sampled by
the energy level, which will lead to a smaller current. If the current decreases
with increasing voltage the differential conductance is negative, also referred to
as negative differential resistance (NDR). The actual values and shape of the
stability diagram will depend on how many 1D DOS sub-bands/peaks that are
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sampled by the energy levels in the given voltage intervals as can be seen in
figures 21-22 for a subband separation larger than ∆ and in 23 for a subband
separation smaller than ∆. All cases can occur in a nanowire since ∆ is deter-
mined by the confinement in the direction in which the electrons are the least
confined. If e.g. the distance between the barriers defining the QD is larger than
the thickness of the nanowire ∆ will be smaller than the subband separation.
From the stability diagram we can conclude that if large areas of NDR are
seen in an experiment it should give an indication that it might be due to the
nanowire DOS. Three modified stability diagrams are shown in figures 21, 22
and 23. Here the color scale has been adjusted so that it is possible to study
the areas of finite, but small, differential conductance that now exists between
lines from excited states. Both positive and negative differential conductance is
present. In figure 23 the sub-band separation is smaller than the charging energy
resulting in many new features and conductance lines. Here the areas of finite
differential conductance are relatively small and the differential conductance
shifts very often from positive to negative.
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Figure 21: Stability diagram of a three level QD. The color scale is adjusted
to show small areas of finite conductance between the Coulomb diamonds and
lines from exited states. Both positive and negative differential conductance is
present. Conductance at the resonances is on the order ∼ 10−8 S. The difference
between the 1D sub bands is 80 meV. EC=6 meV, 1=0, 2=5 meV, 3=10 meV,
T=1 K, α =1, Γ =1 GHz (h¯Γ ∼ 0.008kbT ).
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Figure 22: Stability diagram of a three level QD. The color scale is adjusted
to show small areas of finite conductance between the Coulomb diamonds and
lines from exited states. Both positive and negative differential conductance is
present. Conductance at the resonances is on the order ∼ 10−8 S. The difference
between the 1D sub bands is 20 meV. EC=6 meV, 1=0, 2=5 meV, 3=10 meV,
T=1 K, α =1, Γ =1 GHz (h¯Γ ∼ 0.008kbT ).
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Figure 23: Stability diagram of a three level QD. The color scale is adjusted
to show small areas of finite conductance between the Coulomb diamonds and
lines from exited states. Both positive and negative differential conductance is
present. Conductance at the resonances is on the order ∼ 10−8 S. The difference
between the 1D sub bands is 2 meV. EC=6 meV, 1=0, 2=5 meV, 3=10 meV,
T=1 K, α =1, Γ =1 GHz (h¯Γ ∼ 0.008kbT ).
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6.3 Magnetic field
With an applied magnetic field all spin-degenerate energy levels will be split
into two single-spin energy levels. This phenomenon is known as the Zeeman
effect. The new energies for the levels can be written
′i = i ±∆E, ∆E =
1
2
µBgB,
where µB is the Bohr magneton, g is the g-factor describing the coupling
strength between electrons on the QD and the magnetic field and B is the
strength of the applied magnetic field.
The effect of the Zeeman-splitting can be seen in the stability diagram, figure
24, where some of the conductance lines are split into two.
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Figure 24: Stability diagram of single level QD with applied magnetic field.
The Zeeman splitting will split conductance lines into two. EC =6 meV,  =0
meV, T = 1 K, g = 10, B = 2 T, ΓL,R = 1 GHz (h¯Γ ∼ 0.008kbT ), α=0.05.
An applied magnetic field alters the look of the thermocurrent, figure 25 and
for a large applied magnetic field the asymmetry in the thermocurrent vanishes.
This is due to the asymmetry being based on electrons with both spins being
able to tunnel into an empty and from a full energy level but only electrons with
a given spin are allowed to tunnel into and form a partially filled level.
With an applied magnetic field the new energy levels can only hold one electron
with a given spin. For large fields the level splitting will be large and transport
will mostly involve one level, at least without source-drain bias. Since there
are equal possibilities for tunneling to an empty or from an occupied level the
asymmetry will vanish. By comparing the peak heights it is evident that the
freedom of tunneling with an arbitrary spin enhances the thermocurrent. The
energy distance between resonances will increase linearly with the magnetic field
strength making it possible to determine the g-factor by measuring this shift.
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Figure 25: Thermocurrent without (a) and with (b) applied magnetic field.
The asymmetry vanishes with a large magnetic field. EC =6 meV,  =0, TR =1
K, TL =2 K, g = 10, B =2T , ΓL,R =1 GHz (h¯Γ ∼ 0.005kbT ), α = 0.05.
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7 Thermoelectric efficiency of a QD
7.1 Heat current for sequential tunneling
When calculating the efficiency of a QD acting as a thermoelectric generator
the heat current through the system must be known since the efficiency is given
by
η =
P
Q
.
The heat current calculated using Master equations, equation (39), for VLR = 0
is shown in figure 26 where it can be seen that Q ≥ 0 for all gate voltages, which
means that heat will only be transported from the hot to the cold lead. It is
easily motivated that this is correct since without source-drain bias there is no
power generation/consumption and hence no work that can drive a heat current
from cold to hot.
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Figure 26: Heat current calculated with Master equations. EC =3 meV, =-3
meV, TR=1 K, TL=2 K, ΓL = ΓR =10 GHz (h¯Γ ∼ 0.05kbT ), α =0.05.
The lineshape in figure 26 is understood by considering the position of the QD
energy level relative to the lead Fermi levels. When the energy level lies above
the lead Fermi levels electrons will be transported from hot to cold removing
energy from the hot lead and thus cooling it. When the energy level is aligned
with the lead Fermi levels no net electron transport and no net heat transport
is present. For situations where the energy level is lower in energy than the
lead Fermi levels electrons will be transported from cold to hot, but according
to (38) they will give a negative energy contribution to the hot lead and thus
cool it. The asymmetry of the peaks is the same as in the thermocurrent (more
possibilities to tunnel to an empty or from a full energy level).
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Figure 27: Heat current calculated using sequential tunneling. EC =3 meV,
=-3 meV, TR=1 K, TL=2 K, ΓL = ΓR =10 GHz (h¯Γ ∼ 0.05kbT ), α =0.05
If instead a map of the heat current is studied (figure 27) large areas of negative
heat current is found for VLR 6= 0. A negative heat current means that heat
is being transported from the cold to the hot lead and the QD acts as a heat
pump. A thermoelectric element operating under these circumstances cools the
cold side and heats the hot side of the device, which is used for heating and
cooling applications.
7.2 Heat current calculated with lifetime approximation
To calculate the heat current when including the lifetime approximation the
total tunneling rates are modified to include the amount of heat associated with
a tunneling event (electron energy minus hot Fermi level)
WN→N+1i→j;a =
ΓN→N+1i→j;a
pi
∫ ∞
−∞
dω (ω−eVh) f [ω, eVa, Ta]
ΓN→N+1i;Σ
(ω − µN+1,j)2 + (ΓN→N+1i;Σ )2
sNi→N+1,j
(47)
WN→N−1i→j;a =
ΓN→N−1i→j;a
pi
∫ ∞
−∞
dω (ω−eVh)
(
1−f [ω, eVa, Ta]
) ΓN→N−1i;Σ
(ω − µN,i)2 + (ΓN→N−1i;Σ )2
sNi→N−1,j .
(48)
When calculating the heat current this way we find an unexpected result. As
can be seen in figure 28 the lineshape of the heat current looks somewhat similar
to the result obtained with sequential tunneling, but Q is negative for all gate
voltages even without bias voltage.
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This is equivalent to heat being transported to the hot lead without any work
being put into the device, which is not possible. The conclusion is that either
this is not a valid way to calculate the heat current with the lifetime approxima-
tion or some important physical effect is being overlooked in the model. Either
way it will give a incorrect result and an alternative way to calculate the heat
current must be found.
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Figure 28: Heat current simulated using eq (47) and (48) for VLR = 0. Negative
Q means that heat is transferred to the hot electrode. EC =3 meV, =-3 meV,
TR=1 K, TL=2 K, ΓL = ΓR =10 GHz (h¯Γ ∼ 0.05kbT ), α =0.05.
We therefore develop a new approach to obtain the heat current with the life-
time approximation by replacing ω with µN as the electron energy in the total
tunneling rates, as in the case with sequential tunneling.
WN→N+1i→j;a =
ΓN→N+1i→j;a
pi
∫ ∞
−∞
dω (µN+1,j−eVh) f [ω, eVa, Ta]
ΓN→N+1i;Σ
(ω − µN+1,j)2 + (ΓN→N+1i;Σ )2
sNi→N+1,j
(49)
WN→N−1i→j;a =
ΓN→N+1i→j;a
pi
∫ ∞
−∞
dω (µN,i−eVh)
(
1−f [ω, eVa, Ta]
) ΓN→N−1i;Σ
(ω − µN,i)2 + (ΓN→N−1i;Σ )2
sNi→N−1,j
(50)
Equations (49) and (50) are used to obtain the heat current in figure 29 where
it can be seen that Q is positive for all gate voltages and the overall difference
between sequential tunneling and the lifetime approximation is small. This ap-
proach will be used for the rest of this thesis.
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Figure 29: Heat current simulated using sequential tunneling (blue) and tunnel
broadening approximation (red) for Vsd = 0. EC =3 meV, =-3 meV, TR=1 K,
TL=2 K, ΓL = ΓR =10 GHz (h¯Γ ∼ 0.05kbT ), α =0.05
To check the error produced by the rate equations with and without the lifetime
approximation the simplest case of a spinless energy level is studied, where we
can compare to the exact solution from the Landauer-Bu¨ttiker formula. In fig-
ure 30 the heat current is calculated using the Laundauer-Bu¨ttiker formula and
rate equations. Since the Landauer-Bu¨ttiker formula provides the exact result it
can be seen that error produced by rate equations with only sequential tunnel-
ing is approximately of the same size as the error with lifetime approximation
for very large Γs. When a smaller Γ is used rate equations with only sequential
tunneling provides a better approximation. The conclusion is that the lifetime
approximation is not better than only sequential tunneling for obtaining the
heat current.
It is however still motivated to include the lifetime approximation since it in-
cludes a width of the energy level and it was a much better approximation for
the charge current and the thermopower, as could be seen in figure 15.
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Figure 30: Heat current for a single spinless energy level calculated using
Landauer-Bu¨ttiker formalism (black), rate equations with sequential tunnel-
ing (blue) and rate equations with the lifetime approximation (red). =0, α=1,
TR=1 K, TL=2 K, In (a) Γ=50 GHz (h¯Γ ∼ 0.25kbT ). In (b) and (c) Γ=1 GHz
(h¯Γ ∼ 0.005kbT ). (c) is a zoom on the box in (b).
7.3 Power
The electrical power a device consumes or produces is obtained by taking the
product of the applied bias voltage and the resulting source-drain current, P =
VLR · ILR. A positive power corresponds to the QD system consuming power
and a negative power means that the current is flowing in the opposite direction
compared to the applied voltage, i.e. generating power. When using the QD as
a generator only the negative power is of interest and a plot of the generated
power can be seen in figure 31.
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Figure 31: Produced power calculated using sequential tunneling, only P ≤ 0
is included. EC =3 meV, =-3 meV, TC=1 K, TH=2 K, ΓL = ΓR =10 GHz,
α =0.05
7.4 Efficiency
It has been predicted that the only thermoelectric element that can reach Carnot
efficiency (highest possible efficiency when converting thermal energy to work)
ηC = 1− TCold
THot
(51)
is an object whose transport properties can be characterized by a delta func-
tion, e.g. a QD [3, 4]. This causes generally high efficiencies to be obtained
when sequential tunneling is used in the calculations since it does not include
any width of the energy level. This is an artifact of the sequential tunneling
approach since it predicts high efficiencies even for very large Γs, see figure 32
where h¯Γ ∼ 0.1kbT .
If the lifetime approximation is included in the calculations a more physically
correct result is found where the efficiency is generally lower and the lineshape
of the areas of produced power is changed, figure 33. There will still be high effi-
ciency at the edge of the areas of power production, but here ILR ≈ 0⇒ P ≈ 0
and these biasing conditions are not interesting for power generation.
The difference in lineshape of the produced power with and without the lifetime
approximation is the same artifact as can be seen in the thermovoltage. The
line where ILR = 0
∣∣∣
VLR 6=0
is in fact the thermovoltage.
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Figure 32: Efficiency when the QD acts as a thermoelectric generator calculated
using sequantial tunneling. EC =3 meV, =-3 meV, TR=1 K, TL=2 K, ΓL =
ΓR =10 GHz, α =0.05
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Figure 33: Efficiency when the QD acts as a thermoelectric generator calculated
using sequential tunneling including the lifetime approximation. Units in the
Carnot efficiency. EC =3 meV, =-3 meV, TR=1 K, TL=2 K, ΓL = ΓR =10
GHz, α =0.05
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8 QD thermometry
The temperatures in the SET system are hard to obtain experimentally for two
reasons. Firstly the experiments are performed at low temperatures, typically
0.1-10K. At these low temperatures resistive thermometers do not work [20].
Other types of thermometers can of course be used, e.g. thermometers based on
thermoelectric elements. But then the second issue arises. The temperatures
that are relevant for the thermoelectricity are the temperatures of the left and
right lead. These are very local temperatures and it is challenging to put the
thermometers as close to the QD as needed for the measurements. There is also
the possibility that the thermometers will interfere with the leads and give a
false measurement. It is thus desirable to obtain temperature information by
measuring the thermoelectric response of the QD.
Such technique already exists (Ref [21]) but is cumbersome to use. It requires a
measurement of ∂I/∂V 2H as well as a measurement of ∂
2I/∂V 2LR when a energy
level only samples the Fermi-Dirac distribution of one lead. This means that the
dot must be biased in such way that a chemical potential of the QD is aligned
with the Fermi level of the left or right lead while the Fermi level of the other
lead is located several kbT away from the chemical potential. This requires a
large bias voltage to be applied and the stability diagram of the dot must look
clean at such large voltages for this technique to be useful, which is not always
the case.
It is therefore desirable to have additional thermometry methods that can com-
plement the existing one. A simpler method would be preferable.
In this section the thermocurrent through a single resonance will be analyzed
for temperature information.
8.1 Current for a spin-degenerate energy level, EC =∞
With an infinite charging energy only the resonance that includes states with
zero and one electrons will exist. With this condition the Master equations for
the system consist of an equation system with two equations that can be solved
analytically to obtain the current through the QD.
The following assumptions are made:
 = 0
∆ kbT
EC =∞
CL = CR
VL = −VR = VLR/2
and the zero point in energy is chosen to be the Fermi levels in the leads without
bias voltage.
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Since EC = ∞ and ∆  kbT the only available states are zero and one extra
electron on the QD and the total transitions rates for sequential tunneling under
these conditions are
W 0→1R = 2ΓRfR,
W 0→1L = 2ΓLfL,
W 1→0R = ΓR(1− fR),
W 1→0L = ΓL(1− fL).
The time evolution of the occupation probabilities is given by the rate equations.
dPn
dt
=
∑
n′ 6=n
[PnW
n′→n − PnWn→n′ ],
which for the stationary case can be written as(−W 0→1 W 1→0
W 0→1 −W 1→0
)(
P0
P1
)
= 0
where WN→N
′
= WN→N
′
R + W
N→N ′
L . When probability normalization is in-
cluded the equation system reads(−W 0→1 W 1→0
1 1
)(
P0
P1
)
=
(
0
1
)
. (52)
The solution to (52) is
P0 =
W 1→0
W 0→1 +W 1→0
P1 =
W 0→1
W 0→1 +W 1→0
. (53)
The current through the system is then given by
I = −P0W 0→1R + P1W 1→0R = (54)
2ΓLΓR(e
EL − eER)
(ΓL + ΓR)(eEL+ER + eEL + eER + 2) + ΓReEL + ΓLeER
(55)
if EL = (−eV/2 − eαVg)/kbTL and ER = (eV/2 − eαVg)/kbTR (see Appendix
B.1 for details).
Similarly the current through the resonance that includes one and two elec-
trons on the QD will be (Appendix B.2)
I =
2ΓLΓR(e
EL − eER)
2(ΓL + ΓR)(eEL+ER + eEL + eER + 1/2)− ΓReEL − ΓLeER . (56)
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8.2 Root of thermocurrent with applied bias voltage
By allowing for a finite VLR and solving for I = 0 it can be seen that there will
be a shift of the root (zero-crossing) of the current when a source drain voltage
is applied. The magnitude of this shift is found to be set by the ratios between
the left and right lead temperature.
(55) = 0⇔ e
E−eV/2
kbTL =e
E+eV/2
kbTR ⇔ E + eV/2
TR
=
E − eV/2
TL
⇒TL
TR
=
E − eV/2
E + eV/2
(57)
where E (shown in figure 34) is
E = E
∣∣∣
I=0,VLR 6=0
− E
∣∣∣
I=0,VLR=0
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Figure 34: The shift of ther zero-crossing in the current with applied bias voltage
can be used for thermometry.
8.3 Peak position of thermocurrent
Other parameters that will be fairly easy to measure with good experimental
data are the positions of the peaks in the closed circuit thermocurrent. In Ap-
pendix B.4 it is shown that when the derivative of the thermocurrent, equation
(55), with respect to E vanishes the following equation holds
TL(3 + e
E
kbTL + 2e
−E
kbTL ) = TR(3 + e
E
kbTR + 2e
−E
kbTR ) (58)
where E = −eαVg − E
∣∣∣
I=0
, as shown in figure 35.
For the second resonance the following equation holds (B.5)
TL(3 + 2e
E
kbTL + e
−E
kbTL ) = TR(3 + 2e
E
kbTR + e
−E
kbTR ) (59)
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Figure 35: The distance between the zero-crossing and the peak positions in the
thermocurrent can be used for thermometry.
8.4 Slope of the thermocurrent near zero-crossing
The third and final analytical expression relating the two temperatures is ob-
tained from the derivative of the thermocurrent (55) close to the zero crossing.
The same result is obtained for both resonances (B.5-B.6)
dIth
dE
∣∣∣
E=0
=
ΓLΓR
3(ΓL + ΓR)
( 1
kbTL
− 1
kbTR
)
. (60)
This of course has the drawback that it depends on the parameter ΓLΓRΓL+ΓR . This
parameter can however be obtained from a conductance measurement.
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Figure 36: The derivative of the thermocurrent near the zerocrossing can be
used for thermometry.
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It is enough to combine two of the expressions derived in this section to ex-
tract the temperatures. It is however a good idea to use all the formulas to
check that the result is consistent.
8.5 Thermometry in practice
To demonstrate how the new thermometry method will work it is here used
to determine the temperatures in the leads of a nano wire QD subjected to a
temperature gradient. The shift of the zero-crossing (not shown) with applied
VLR is measured and put into equation (57) to get the ratio (TL/TR) between
the two temperatures. Then the peak positions relative to the zero-crossings are
measured and used together with the ratio in (58), which is solved numerically
to obtain the two temperatures.
Figure 37 shows the calculated thermocurrent using Γ extracted from a con-
ductance measurement and the temperatures extracted using the thermometry
equations, as well as the measured thermocurrent. The widths of the thermocur-
rent peaks are only determined by TL and TR. The good agreement between
calculated and measured widths tells us that the extracted temperatures are in
good agreement with the actual temperatures.
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Figure 37: Measured thermocurrent (blue) and calculated thermocurrent (red).
The temperatures are extracted using the thermometry method described in
this section. TL=3.4 K, TR= 2.2 K, Γ=4.5GHz. Data from [22]. The extracted
temperatures are resonable considering the experiment was performed at tem-
peratures below 4 K.
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Part V
Discussion
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9 Conclusion and outlook
The Master-equation approach to calculating the current through a single elec-
tron transistor used in this thesis is a simple but powerful tool. It has the benefit
over the Landauer-Bu¨ttiker approach and the Mott approximation that it can
include electron-electron interactions, which can play an important role for the
thermoelectrics of a QD.
The Master equation method can also include a finite width of the energy level
and thus provide better approximations by including the lifetime approxima-
tion without the need of going to higher order perturbation theory. Since this
is easier than to include higher order tunneling processes it makes the approach
attractive for analyzing the thermoelectrics of quantum systems (where Γ is
sufficiently small) and an important tool for analyzing new phenomena. It is
found that this approximation is good for calculating the electronic transport
properties of a QD, at least for small Γs, but it fails to produce a better result
than the rate equations with sequential tunneling when calculating the heat
current.
In this thesis it is shown how the Master equation approach can be used to
include asymmetric Γs, energy dependent DOS in the leads and a magnetic
field. The results of these calculations can be used to characterize QDs from
thermoelectric and conductance data. QD characterization will be important
for future quantum thermoelectric research, because in order to engineer a work-
ing thermoelectric element that utilizes QDs the physics of the dots must be
very well understood. The same argument is valid for the new QD thermometry
method. It will be a good complement to existing methods and can be a useful
tool to have when characterizing QDs, e.g. when calculating the heat current
and the efficiency. The temperatures extracted from the thermoelectric data can
be used to simulate the heat current, which is difficult to obtain experimentally.
The simulated heat current together with the measured power will give a good
estimate of the QD efficiency.
Further studies based on the findings in this thesis could include refining the
thermometry equations. They are written in their simplest form and a natural
way to improve them would be to include asymmetric source-drain capacitances
and asymmetric bias voltages to get more general equations. It is not uncommon
that CL 6= CR and thermometry equations for such situations would be desir-
able. The 1D DOS of the nanowire lead could be studied to a further extent,
especially the thermoelectric response of a nanowire QD system when including
the DOS. A good understanding on how the DOS influences the thermoelectrics
of the system could allow for better thermoelectric elements to be engineered
where the thermopower or thermocurrent is enhanced by a suitable lead DOS.
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Part VI
Appendices
A Important functions
A.1 Fermi-Dirac distribution function
The thermal distribution function for fermions (particles with half integer spin
such as electrons) is the Fermi-Dirac distribution function
f(E) =
1
e(E−EF )/(kbT ) + 1
. (61)
In a material in equilibrium all electrons will assume a Fermi-Dirac distribution.
The two parameters characterizing the function is the Fermi level EF where
f(EF ) = 1/2 and the absolute temperature T . The temperature will determine
how sharply the function transitions from zero to one and as can be seen in
figure 39 a larger temperature results in a more smeared function.
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Figure 38: Fermi-Dirac distribution. In (a) the absolute temperature is varied
and in (b) the Fermi level is varied.
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A.2 Lorentzian distribution function
The Lorentzian distribution function, or Cauchy distribution function, is a func-
tion that is used in several sections in this thesis. It is characterized by being
symmetric with respect to the peak position Epk and the width of the function is
set by the half width at half maximum (HWHM) γ. It is however more common
to define the width by the full width at half maximum 2γ.
f(E) =
1
pi
γ
(E − Epk)2 + γ2 . (62)
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Figure 39: Lorentzian distribution. In (a) γ is varied and in (b) Epk is varied.
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B Derivations for QD thermometry
B.1 Current for the first resonance
For ∆, EC  kbT, eVLR the QD can be gated so that only the states with zero
or one electron can be occupied. The total transition rates between the states
are:
W 0→1a = 2Γafa,
W 1→0a = Γa(1− fa),
a = L,R
where fa is the Fermi-Dirac function of lead a. The occupation probabilities
will be
P0 =
W 1→0
W 0→1 +W 1→0
, P1 =
W 0→1
W 0→1 +W 1→0
, (63)
which can be used to calculate the current. For EL,R = (−eαVg± VLR2 )/kbTL,R;
I = −P0W 0→1R +P1W 1→0R = −
W 1→0
W 0→1 +W 1→0
W 0→1R +
W 0→1
W 0→1 +W 1→0
W 1→0R =
2ΓLΓR(fR − fL)
ΓR + ΓL + ΓRfR + ΓLfL
=
2ΓLΓR(e
EL − eER)
(ΓL + ΓR)(eEL+ER + eEL + eER + 2) + ΓReEL + ΓLeER
B.2 Current for the second resonance
For ∆, EC  kbT, eVLR the QD can be gated so that only the states with one
or two electrons can be occupied. The total transition rates between the states
are:
W 1→2a = Γafa,
W 2→1a = 2Γa(1− fa),
a = L,R
where fa is the Fermi-Dirac function in lead a. The occupation probabilities
will be
P2 =
W 2→1
W 1→2 +W 2→1
, P1 =
W 1→2
W 1→2 +W 2→1
, (64)
which can be used to calculate the current. For EL,R = (−eαVg± VLR2 )/kbTL,R;
I = P1W
1→2
R − P2W 2→1R =
W 2→1
W 1→2 +W 2→1
W 1→2R −
W 1→2
W 1→2 +W 2→1
W 2→1R =
ΓLΓR(fR − fL)
2(ΓR + ΓL)− ΓLfL − ΓRfR =
2ΓLΓR
(
eEL − eER
)
2(ΓL + ΓR)(eEL+ER + eER + eEL + 1/2)− ΓReEL − ΓLeER
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B.3 Thermocurrent peak position, first resonance
For x = E = −eαVg the peak position is given by the condition
∂I
∂x
∣∣∣
VLR=0
= 0
⇔(ex/kbTL
kbTL
− e
x/kbTR
kbTR
)[
(ΓL + ΓR)
(
ex/kbTL+x/kbTR + ex/kbTR + ex/kbTL + 2
)
+ ΓRe
x/kbTL + ΓLe
x/kbTR
]
=(
ex/kbTL − ex/kbTR
)[
(ΓL + ΓR)
(
ex/kbTL+x/kbTR
( 1
kbTL
+
1
kbTR
)
+
ex/kbTR
kbTR
+
ex/kbTL
kbTL
)
+
ΓL
kbTR
ex/kbTR +
ΓR
kbTL
ex/kbTL
]
⇔
TR(3 + e
x/kbTR + 2e−x/kbTR) = TL(3 + ex/kbTL + 2e−x/kbTL).
B.4 Thermocurrent peak position, second resonance
For x = E = −eαVg the peak position is given by the condition
∂I
∂x
∣∣∣
VLR=0
= 0
⇔(ex/kbTL
kbTL
− e
x/kbTR
kbTR
)[
2(ΓR + ΓL)
(
ex/kbTL+x/kbTR + ex/kbTL + ex/kbTR + 1/2
)
− ΓLex/kbTR − ΓRex/kbTL
]
=(
ex/kbTL − ex/kbTR
)[
2(ΓR + ΓL)
(
ex/kbTL+x/kbTR
[ 1
kbTL
+
1
kbTR
]
+
ex/kbTR
kbTR
+
ex/kbTL
kbTL
)
−
ΓL
kbTR
ex/kbTR − ΓR
kbTL
ex/kbTR
]
⇔
TR(3 + e
−x/kbTR + 2ex/kbTR) = TL(3 + e−x/kbTL + 2ex/kbTL).
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B.5 ∂Ith
∂E
near first resonance
In this section the slope of the thermocurrent near the zero-crossing is found
by taking the derivative of Ith with respect to E near E = 0. In the following
derivation Ea =
E
kbTa
∂Ith
∂E
=
2ΓRΓL
(
eEL
kbTL
− eERkbTR
)[
(ΓL + ΓR)
(
eEL+ER + ex/ER + eEL + 2
)
+ ΓRe
EL + ΓLe
ER
]
(
(ΓL + ΓR)
[
eEL+ER + eER + eEL + 2
]
+ ΓReEL + ΓLeER
)2 −
2ΓLΓR
(
eEL − eER
)[
(ΓL + ΓR)
(
eEL+ER
(
1
kbTL
+ 1kbTR
)
+ e
ER
kbTR
+ e
EL
kbTL
)
+ ΓLkbTR e
ER + ΓRkbTL e
EL
]
(
(ΓL + ΓR)
[
eEL+ER + eER + eEL + 2
]
+ ΓReEL + ΓLeER
)2
[E = 0]⇒ ∂Ith
∂x
=
ΓRΓL
3(ΓR + ΓL)
( 1
kbTL
− 1
kbTR
)
B.6 ∂Ith
∂E
near second resonance
In this section the slope of the thermocurrent near the zero-crossing is found
by taking the derivative of Ith with respect to E near E = 0. In the following
derivation Ea =
E
kbTa
.
∂Ith
∂E
=
2ΓLΓR
(
eEL
kbTL
− eERkbTR
)[
2(ΓR + ΓL)
(
eEL+ER + eEL + eER + 1/2
)
− ΓLeER − ΓReEL
]
[
2(ΓR + ΓL)
(
eEL+ER
[
1
kbTL
+ 1kbTR
]
+ e
ER
kbTR
+ e
EL
kbTL
)
− ΓLkbTR eER − ΓRkbTL eER
]2 −
2ΓlΓR
(
eEL − eER
)[
2(ΓR + ΓL)
(
eEL+ER
[
1
kbTL
+ 1kbTR
]
+ e
ER
kbTR
+ e
EL
kbTL
)
− ΓLkbTR eER − ΓRkbTL eER
]
[
2(ΓR + ΓL)
(
eEL+ER
[
1
kbTL
+ 1kbTR
]
+ e
ER
kbTR
+ e
EL
kbTL
)
− ΓLkbTR eER − ΓRkbTL eER
]2
[E = 0]⇒ ∂Ith
∂E
=
ΓRΓL
3(ΓR + ΓL)
( 1
kbTL
− 1
kbTR
)
60
References
[1] Lon E Bell. Cooling, heating, generating power, and recovering waste heat
with thermoelectric systems. Science, 321(5895):1457–1461, 2008.
[2] A. F. Ioffe, L. S. Stil’bans, E. K. Iordanishvili, T. S. Stavitskaya, A. Gelb-
tuch, and George Vineyard. Semiconductor thermoelements and thermo-
electric cooling. Physics Today, 12(5):42, 1959.
[3] TE Humphrey, R Newbury, RP Taylor, and H Linke. Reversible quantum
brownian heat engines for electrons. Physical review letters, 89(11):116801,
2002.
[4] GD Mahan and JO Sofo. The best thermoelectric. Proceedings of the
National Academy of Sciences, 93(15):7436–7439, 1996.
[5] MT Bjo¨rk, BJ Ohlsson, Claes Thelander, AI Persson, Knut Deppert,
LR Wallenberg, and Lars Samuelson. Nanowire resonant tunneling diodes.
Applied Physics Letters, 81(23):4458–4460, 2002.
[6] CWJ Beenakker. Theory of coulomb-blockade oscillations in the conduc-
tance of a quantum dot. Physical Review B, 44(4):1646, 1991.
[7] Philip Warren Anderson. Localized magnetic states in metals. Physical
Review, 124(1):41, 1961.
[8] Yigal Meir, Ned S Wingreen, and Patrick A Lee. Transport through a
strongly interacting electron system: Theory of periodic conductance oscil-
lations. Physical review letters, 66(23):3048, 1991.
[9] Henrik Bruus and Karsten Flensberg. Many-body quantum theory in con-
densed matter physics: an introduction. Oxford University Press, 2004.
[10] Jens Koch, Felix von Oppen, Yuval Oreg, and Eran Sela. Thermopower of
single-molecule devices. Physical Review B, 70(19):195107, 2004.
[11] Edgar Bonet, Mandar M Deshmukh, and DC Ralph. Solving rate equations
for electron tunneling via discrete quantum states. Physical Review B,
65(4):045317, 2002.
[12] Marko Turek and KA Matveev. Cotunneling thermopower of single electron
transistors. Physical Review B, 65(11):115332, 2002.
[13] RB Saptsov and MR Wegewijs. Fermionic superoperators for zero-
temperature nonlinear transport: Real-time perturbation theory and
renormalization group for anderson quantum dots. Physical Review B,
86(23):235432, 2012.
[14] John H Davies. The physics of low-dimensional semiconductors: an intro-
duction. Cambridge university press, 1997 p152-154.
61
[15] John H Davies. The physics of low-dimensional semiconductors: an intro-
duction. Cambridge university press, 1997 p170.
[16] Anders Mathias Lunde and Karsten Flensberg. On the mott formula for
the thermopower of non-interacting electrons in quantum point contacts.
Journal of Physics: Condensed Matter, 17(25):3879, 2005.
[17] CWJ Beenakker and AAM Staring. Theory of the thermopower of a quan-
tum dot. Physical Review B, 46(15):9667, 1992.
[18] Liney Halla Kristinsdottir, Jakob Bengtsson, Heiner Linke, SM Reimann,
and Andreas Wacker. Thermopower as a tool to investigate many-body
effects in quantum systems. Applied Physics Letters, 105(8):083105, 2014.
[19] AS Dzurak, CG Smith, CHW Barnes, M Pepper, L Martin-Moreno,
CT Liang, DA Ritchie, and GAC Jones. Thermoelectric signature of the
excitation spectrum of a quantum dot. Physical Review B, 55(16):R10197,
1997.
[20] Sofia Fahlvik Svensson. Thermoelectric Phenomena in Quantum Dots. PhD
thesis, Lund University, 2014.
[21] EA Hoffmann, N Nakpathomkun, AI Persson, H Linke, HA Nilsson, and
Lars Samuelson. Quantum-dot thermometry. Applied Physics Letters,
91(25):252114, 2007.
[22] A Svilans et. al. Unpublished.
62
